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The perfect Answer:

(1) Solution. (T1) Obviously ¢ €p andsince peX, so Xep.
(T2) Let G,H e p. Then peG and peH,
therefore, peG N H.
Hence, G nHenp.
(T3) Let Hie p, where icl. Then peH; V iel,
therefore, pe N H; .
Hence, ikejl Hi ep.

Thatis p isatopology on X.

(2) (1) Let (X, T) be a topological space and A, B < X .A point acA is
called an interior point of A if there is an open set G such that

a€ G c A. The set of all interior points of a set A is called the
interior of A and denoted by int A.
From definition we have

iNtA N extA=¢, IntAn b(A)=¢ and extA n b(A) =¢.
Also,

int AuextAub(A) =int AuextAu [ (int A)S A (ext A)]
=[intA UextAu (int AT [int AuextAu (ext A)]
=[XuextA]n[intA U X]
=XnNX
= X.

i) It follows from part (i) that ANc@auB) andB c(AUB). Then
A UB c;uB), (1)
Conversely, we prove that (A v B)/ - ANouB,
Take o ¢ A/uB/,we have o¢A and o ¢ B
and hence there exist neighborhoods V, W e N,
such that (V—{c}) nA=¢ and (W—-{a}) "B =¢.
But VAW e N satisfies

[(VAW) - {a}] ~ (AUB) = ¢. Then
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o« & (AU B)’, which proves that

AuB)Y cAUB 2)
From (1), (2) we get

auB) =A'uB.

(3) The closed sets of (X, T) are ¢, X, {B, 6} and h(¢) = ¢,

h(X)=Y and h({p,06}) ={a, b} =Y are closed of (Y, G), this shows
that h is closed.

Also, the set {a} is an open of (X, T), but h ({a}) = {b} is not open of
(Y, ©), this shows that h is not open function.

Finally, since the set {a} € O, but h ({a}) = {6} ¢ T, then this shows
that h is not continuous function.

(4) The function d: R xR ——> R’ defined by
d(x,y) =|x—y|, where x,yeR, is a metric on R,
because for all x,y, zeR, we have
(D) dx,y)=|x-y|[>0 and d(x,x)=|x-x|=0
(2) d(x,y) = |x-y[=|y-x]|=d(y, X)
@) dx, 2) =|x-z|=[x-y+y-z|<[x-y|+]y-z]
=d(x,y) +d(y, 2).

The open sphere S(0, 6) with center p=0 € R and radius &6 =6, is

S(0, 6) ={xeX : d(x, 0) < 6}
={xeX : |x-0| <6}
={xeX |x| <6}
={xeX : -6<X <6}
=]1-6,6[.



